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COMP 314 Homework Assignment D

This is version 3 of the assignment, published 2/13/15. Questions D3
and D6 have changed somewhat.

Chapter 7

Question D1. (10 points) The program is0ddViaReduction.py in Fig-
ure 7.2 reduces ISODD to LASTDIGITISEVEN. Write a similar program that
does the reverse, reducing LASTDIGITISEVEN to ISODD.

Question D2. (15 points) Consider the decision problem INTONSTRING,
which takes two strings P, I as input and outputs “yes” if P(I) is a non-
negative integer (i.e. a string containing only digits) and “no” otherwise.
Following the pattern of Figure 7.4, write two Python programs that to-
gether demonstrate a reduction from YESONSTRING to INTONSTRING.

Question D3. (Ungraded) Consider the decision problem INTONALLINTS.
This problem takes a single string P as input, and outputs “yes” if P(I) is
a nonnegative integer for all input strings I which are themselves nonneg-
ative integers. In other words, it answers the question: “Does P output a
nonnegative integer for all nonnegative integer inputs?” Prove that INTON-
ALLINTS is undecidable. You may do so explicitly using Python programs,
or use prose descriptions of the programs involved.

Question D4. (3 points) Suppose Fi, Fs, ..., Fip are computational prob-
lems such that each problem reduces to the next one: Fj reduces to Fs,
F5 reduces to F3, and so on. Suppose also that F3 is computable and Fj
is uncomputable. Which of the other problems are therefore computable?
Which are uncomputable? Which could be either computable or uncom-
putable?

Question D5. (3 points) Suppose F' and G are general computational
problems, and D is a decision problem. Also suppose F' reduces to G and
D reduces to G. What, if anything, can we conclude if:

(a) D is undecidable?
(b) G is computable?
(¢) F is computable?
Question D6. (15 points) Prove that EMPTYONEMPTY is undecidable.
That is, given a program P, the question of whether P(\) = X is undecid-

able. You are not required to give explicit Python programs. Explain the
necessary reduction(s) in prose.
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Question D7. (Ungraded) Repeat the previous question for another un-
decidable problem of your choice, such as KOALAONEMPTY, NOONSOME,
or YESONKOALA.

Question D8. (Ungraded) In mathematics, a fized point of a function f
is a value z such that f(z) = x. For a program P, we can similarly define
a fized string as a string I such that P(I) = I. We can then define the
decision problem HASFIXEDSTRING which takes an input P and outputs
“yes” if and only if P has a fixed string. Prove that HASFIXEDSTRING is
undecidable. Your proof may be in the practical style of this book (using
mostly Python programs, and a brief explanation of why the programs
prove the claim) or in a more standard abstract mathematical style.

Question D9. (Ungraded) Define the computational problem NUMLONGER
as follows. The input is a program P. The solution is the number of distinct
strings I for which P(I) is defined and is longer than I. In other words,
the solution is the cardinality of the following set:

{I € ASCIT* such that |[P(I)| > |1}

Of course, this set could be infinite, in which case the solution is the string
“infinite”. Is NUMLONGER computable? Give a proof of your answer.

Question D10. (Ungraded) Our proof that all four variants of the halting
problem are undecidable (page 146) omitted some details. Fill in one of
these missing details as follows: write a Python program demonstrating a
reduction from HALTSONSTRING to HALTSONSOME.

Question D11. (10 points) Consider our proof that NUMCHARSON-
STRING is uncomputable. In particular, examine the program alterYesToNumChars.py
(top of Figure 7.12). Line 9 of this program returns the string “xx”, but
the proof could remain valid even if we had used a different return value
here. Which return values can be used at line 97 In particular, for which

“ ki

of the following return values would the proof remain valid: A, “a”, “aa”,

“ »

aaa”, “aaaa”? Explain your answer.

Question D12. (Ungraded) Define the decision problem SLOWERTHANIN-
PUTLENGTH as follows. The input is a program P. The solution is “yes”
if and only if the number of steps before terminating on input [ is more
than |I|, for all I. In other words, SLOWERTHANINPUTLENGTH answers
the question: “is the running time of P always more than the length of
its input?” (Note we define the running time as infinite whenever P(I) is
undefined.) Prove that SLOWERTHANINPUTLENGTH is undecidable.

Question D13. (10 points) Let P =“def P(x): return str(5xlen(x))”.
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(a) Give an example of a computational problem F' such that P is a positive
instance of COMPUTESE.

(b) Give an example of a computational problem G such that P is a nega-
tive instance of COMPUTESq.

Question D14. (10 points) Use the Uncomputability of COMPUTES g
(or one of its variants, such as Rice’s theorem) to prove that each of the
following problems is uncomputable:

(a) COMPUTESLENGTH: input is program P, solution is “yes” if and only
if P(I) = |I| for all I.

(b) SEARCHESFORSUBSTRING: input is program P, solution is “yes” if
and only if P searches for some fixed substring. That is, there exists a
string s such that P(I) = “yes” if and only if s is a substring of I.

Question D15. (15 points) State whether each of the following instances
of the Post correspondence problem is positive or negative. Explain your
answers.
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Total points on this assignment: 91




